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The transport of electrolytes in electric fields is a ubiquitous phenomenon commonly harnessed inmicrofluidics.
A classic leaky dielectric model for flow generated by electric fields accurately predicts electrohydrodynamic
transport phenomenon but is valid for millimeter-scale and larger flows and at relatively low ionic strength.
Here, we derive and use amodified version of this model to sub-millimeter scalesmore relevant tomicrofluidics,
where diffusive transport of charged species becomes non-negligible. We formulate a general equation set,
the modified Ohmic model, applicable to the transport of binary, asymmetric electrolytes. We leverage this
model to describe a variety of microfluidic electrokinetic systems, including DC electroosmosis, alternating
current electrokinetics (ACEK) and induced-charge electroosmosis (ICEO), thus highlighting some unifying
principles of these flows.
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1. Introduction

To our knowledge, British physicist William Gilbert first demon-
strated the effects of electric forces on fluids circa 1600. In De Magnete,
he described the deformation of a water droplet into a conical shape
pointing toward a proximate piece of charged amber [1]. More than
200 years later, Reuss used a galvanic cell to drivefluid through a packed
soil column, thereby generating electroosmotic flow (EOF) [2]. On one
hand, a fair characterization of Gilbert's experiment is an exploration
of what is now generally referred to as electrohydrodynamics (EHD),
which corresponds to the general interaction between fluids and elec-
tric fields. EHD is sometimes associated with “macro” length scales
(order 1 cm or greater) and submicromolar ion densities. On the other
hand, Reuss highlighted a subset of EHDwe can refer to as electrokinet-
ics (EK). EK is typically characterized by the importance of electric dou-
ble layers (EDLs). EDLs form at interfaces and can strongly affect the
response of a liquid to an externally applied potential. Here, we concen-
trate on this subset of EHD, as EK describes most of EHD flows at the
microscale.

Helmoltz and Von Smoluchowski together contributed to EK by in-
cluding respectively early treatments of the EDL over charged surfaces
, juan.santiago@stanford.edu
and quantification of electroosmosis in applied electric fields [3,4].
Perrin later elegantlymodeled the EDL as a distributed-charge capacitor
[5]. The locations of the capacitor plates relative to the surface, the inner
and outer planes, were later named after Helmoltz [6]. Continuing
Perrin's work, Gouy and Chapman independently derived the ionic dis-
tribution of diffuse charges in the EDL using the Boltzman distribution
for charges in solution [7,8]. In his derivation, Gouy noted the impor-
tance of a characteristic length of charge screening, λD, which now
bears the name of Debye length.

Perhaps the most important contribution in the field of modern
EHD came from J.R. Melcher. Inspired by G.I. Taylor's leaky dielectric
model for droplet deformation in an electric field explaining Gilbert
type droplet phenomena [9•], Melcher derived the so-called Ohmic
model linking the interaction of ionic species and fluid flow with
electric fields [10]. Ohmic model equations describe the interaction
of electric fields with free charge density, bound charge density (di-
poles), conductivity fields, and momentum transport. Taylor and
Melcher together synthesized this work by stressing the importance
of net charge regions within the fluid [11•]. This bulk charge occurs at
electric heterogeneities in the medium (e.g., gradients in conductiv-
ity or permittivity) in the form of monopole and dipole density gra-
dients and can generate pressure and shear stresses (and inject
vorticity) that drive flow and can destabilize its motion.

In his Ohmic model, Melcher assumed that the diffusive trans-
port of charges remains negligible. This assumption is reasonable for
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centimeter-scale flows with relatively low conductivity but fails for EK
microdevices where diffusion plays an important role in developing
the conductivity field. Further, Melcher recognized that the imbalance
between positive and negative charges that generates Coulomb forces
is very small compared to the total number of charges. The latter is
referred to as the electroneutrality assumption, and Melcher cautioned
that it does not hold for length scales below 2.5 μm [10]. As we shall see,
this lower limit is roughly 1 μm for EKmicroflows (lengths approaching
the Debye length for achievable ion densities).

Here, we formulate a general equation set we term a “generalized
Ohmic model,” which is relevant to a wide range of microfluidic
EK systems.Wewill leverage themodel to discuss physics of the electric
double layer and dynamics of charge transport in microflow devices.
We demonstrate applications of this generalized Ohmic model to
DC electroosmotic flows (EOF), alternating current electrokinetics
(ACEK), induced-charge electroosmosis (ICEO), electrothermal flows
(ETF), and electrokinetic instabilities (EKI). Our goal here is to summa-
rize and help unify a physical understanding and formulate approxi-
mate equations used to study these phenomena. We strive to show
that various disparate formulations are each special cases of the same
equation set, and part of a more general EHD theory for coupling
between electric fields and fluid flow.

2. Ohmic model for binary electrolytes

We here describe governing equations useful for modeling the
flow of binary asymmetric electrolytes. We first write the conserva-
tion of momentum and describe forces acting on fluids in electric
fields. We then write Gauss' law for free charge density and discuss
various regimes for the electroneutrality approximation. Finally,
we derive a general Ohmic model for EK flows that includes effects
of currents generated by diffusion and electrolyte asymmetry. Our
goal is to provide a roadmap for the modeling of general EK flows
and to provide insight into the transport mechanisms involved in EK
phenomena.

2.1. Momentum

We focus in the limit of low Reynolds number Re typically applicable
to microfluidic devices [12]. We neglect the advection term in the
incompressible Navier–Stokes equation for a fluid of density ρ,
kinematic viscosity μ, and dielectric constant ε:

∇ � v ¼ 0 ð1Þ

ρ
∂v
∂t

¼ −∇pþ μ∇2v þ ρeE−
1
2

Ej j2∇ε ð2Þ

where v is the fluid velocity, p the pressure, E the local electric field, and
ρe≡F(z+c+ + z−c−) is the free charge density where F is Faraday's
constant, c is the species molar concentration, and z its valence. The
subscripts + and − denote the cation and anion of an asymmetric
binary electrolyte. We retain the unsteady flow velocity term as inertial
forces due to locally accelerating liquids may be important (e.g., in
devices with high-frequency forcing phenomena such time-varying
electric fields). We omitted the magnetic induction term j × B where j
is the current density and B the magnetic field, which is typically
negligible for flows of aqueous non-magnetic solutions and in the
absence of large magnetic fields. We also neglect the electrostriction

term ∇ð12 jEj2ρ∂ε
∂ρ jT Þ which is small for incompressible flows [11•]. The

electric force density then reduces to the last two terms of Eq. (2):
respectively the force on the free charge density (or Coulomb force)
and the force on electric dipoles within the fluid.
2.2. Scaling of Gauss' law and concept of electroneutrality

We present a scaling of Gauss' law and introduce the concept of
electroneutrality. We decompose the electric field into the applied
(external) field Eext (defined by ∇. (εEext) = 0) and the internal field
Eint generated by net (unbalanced) free charges, hence:

∇ � εEintð Þ ¼ ρe ð3Þ

Here ρe is the free charge density (i.e., charge not bound within net
neutral dipoles, whether it is stationary or not). Forces on dipole gradi-
ents are accounted for by the concept the dielectric constant ε, which is
a scalar for isotropic materials. We non-dimensionalize Eq. (3) as

εEint
δc0 F

∇� � E�
int ¼ αρ�

e ð4Þ

where ρe ¼ FΔc0ρ�
e
, Eint = EintEint⁎ , and Eint is the characteristic scale

of internal field.We define a characteristic scale background concentra-
tion of ions c0 (in moles per unit volume) of the form c0 ¼ 1

�
2ðcþ þ c−Þ.

We use this simple arithmetic average as most EK applications involve
valences of ±1 or ±2. To measure the degree of charge imbalance,
we define the non-dimensional parameter α ≡Δc0/c0 where Δc0 =
z+c++ z−c− is the dimensional imbalance between cations and anions
per unit volume. δ is a characteristic scale for the dimension of the flow
region containing net free charge and is determined by the particular
physics of the problem. Given a correct determination/estimation of δ,
the starred terms are order unity, and so the two prefactors should be
on the same order.

The question of electroneutrality can be phrased as follows: how
much more or less positive charge z+c+ is there than negative charge
z−c− in regions where Eint is order Eext? In such regions, the internally
generated field can cancel or double (depending on sign) the external
field. We consider two examples.

A first example is the characteristic shielding length of charge in a
classic EDL. Here, δ is determined by the local balance between diffusion
and electromigration and scales as Debye (a.k.a. Gouy) screening length
λD ≡

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
εkT=z2e2c0

p
[13]. SubstitutingλD for δ in Eq. (4), wefindα scales as

ϕinte/kT where ϕint = Eintδ is on the order of the zeta potential ζ of the
diffuse layer [13]. Measured zeta potentials can be as high as order 10
times the thermal voltage kT/e [14]. Hence, our scaling shows α can be
up to order 10. Electroneutrality is therefore not a valid assumption
within an EDL.

As a second example, consider charge densities created by the
coupling of electric fields with gradients in physicochemical properties
of a solution. Examples include conductivity gradients in field amplified
sample stacking [15], electrokinetic instabilities [16•,17] or permittivity,
and conductivity gradients in electrothermal flows [18]. In these
problems, δ is often limited by the interplay between advection and
diffusion, and so order 10 μm (examples include the interface between
two buffer streams mixing at an intersection [17] or the distances
between microfabricated electrodes [19,20•]). Taking δ = 10 μm
and assuming an external electric field of order 104 V/m (and
monovalent ion densities of order 1 mM), we see from Eq. (4) that
Eint can cancel or double Eext for α ~ 10−5 ≪ 1, an approximately
neutral charge balance.

These scaling arguments are consistent with the concept and utility
of electroneutrality: in equations describing conservation of species, we
can assume z+c+ ≈ − z−c− in regions outside any EDLs. At the same
time, we must take into account even the smallest (compared to c0)
imbalances between z+c+ and− z−c− when we consider conservation
of electric fields (Gauss' law).

The concept of electroneutrality is somewhat analogous to the
Boussinesq approximation for buoyancy-driven flows associated with
small density differences [21], for example, due to temperature gradients.
Under the Boussinesq approximation, we can assume approximately
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constant and uniform mass density in the conservation of mass
equation, but we take into account small gradients when estimating
buoyancy body forces in the conservation of momentum. Under the
electroneutrality approximation (for EK flows of binary electrolytes),
we can approximate zero net charge density when conserving species,
but we take into account small differences between positive and nega-
tive charges when estimating electric body forces in the conservation
of momentum.

2.3. Ionic transport

The Nernst–Planck equation describes the transport of charged
species in the fluid [22,23]. Advection, electromigration, and diffusion
contribute to the transport of ions [24]. For a dilute binary asymmetric
electrolyte:

∂cþ
∂t

þ v � ∇ð Þcþ ¼ −∇ � νþzþ FcþEð Þ þ ∇ � Dþ∇cþð Þ þ Rþ ð5Þ

∂c−
∂t

þ v � ∇ð Þc− ¼ −∇ � ν−z− Fc−Eð Þ þ ∇ � D−∇c− þ R− ð6Þ

where ν is the electrophoreticmobility andD is the diffusion coefficient.
We use the term “asymmetric” to refer to a cation and anion pair with
non-equal diffusion coefficient (D+ ≠ D−), which also implies that the
two ions also have non-equal electrophoretic mobilities (ν+ ≠ ν−).
The second term on the left hand side of (5) and (6) corresponds to
the advective transport of ions by liquid flow. Electrophoretic and
diffusive fluxes correspond to the first and second term on the right
hand side. The last term R is a source term to account for bulk chemical
reactions such as acid base equilibrium for weak electrolytes. We will
here ignore these termsbut refer the reader elsewhere for electrokinetic
models involving reactions [25].

We transform the Nernst–Planck equations in terms of free charge
density ρe and conductivity σ ≡F2(ν+z+2 c+ + ν−z−2 c−), the electric po-
tentialϕ (∇ϕ=-E), and usingNernst–Einstein relation between electro-
phoretic mobilities to diffusion coefficients ν± = D±/RT:

∂ρe

∂t
þ v � ∇ð Þρe ¼ ∇ � σ∇ϕð Þ þ φthΓ∇

2σ þ Dρ∇2ρe ð7Þ

∂σ
∂t

þ v � ∇ð Þσ ¼ zþDþ þ z−D−

φth
∇ � σ∇ϕð Þ þ Dσ∇2σ

−
zþz−DþD−

φ2
th

∇ � ρe∇ϕð Þ−Γ
zþz−DþD−

φth
∇2ρe

ð8Þ

whereDσ=(z+D+⁎ 2− z−D−⁎ 2)/(z+D+⁎− z−D−⁎) is an effective diffusion
coefficient for the conductivity field, while Dρ = D+D−(z+ − z−)/
(z+D+ − z−D−) is an effective diffusion coefficient for the free charge
density field. φth = kT/e is the thermal voltage and Γ = (D+ − D−)/
(z+D+ − z−D−) is a term arising from electrolyte asymmetry
which effectively results in an internal field, commonly called junction
potential [26,27]. The latter is the potential generated by asymmetric
diffusion of ions, which we discuss below (Γ = 0 for a symmetric elec-
trolyte). Despite many formulations of EK flow problems, we know of
no clear presentation of such generalized formulation highlighting the
difference between the effective diffusivities Dσ and Dρ.

To scale Eqs. (7) and (8), we consider three choices for velocity scale:
the electroosmotic flow velocity Ueo, an induced charge electroosmotic
velocity Uiceo, and an electroviscous velocity Uev. We will discuss the
applicability of these scales in the sections below and, for now, use a ge-
neric electrohydrodynamic fluid velocity scale Ue. We scale all coordi-
nates using the same characteristic length, L, but note that the
appropriate scaling of spatial derivatives in various directions will be
problem dependent (e.g., determined by geometry). For example, one
length scale may be most appropriate to scale viscous stresses, while a
second scale is appropriate for conductivity gradients (e.g., see the
formulation of Posner and Santiago [28]). To scale Eqs. (7) and (8) we
define

v ¼ Uev�; t ¼ τ f t
�; ϕ ¼ ϕ0ϕ

�; σ ¼ F2D0c0σ �=RT; ρe ¼ Fαc0ρ�
e;

Di ¼ D0D
�
i and x; y; zð Þ ¼ L x�; y�; z�ð Þ

The non-dimensional equations are:

α
L�

Ue

τ f

∂ρ�
e

∂t�
þ v� � ∇�ρ�

e

 !
¼ β∇� � σ�E�ð Þ þ Γ

Pee
∇�2σ� þ α

Pee
D�
ρ∇

�2ρ�
e ð9Þ

L=Ue

τ f

∂σ �

∂t�
þ v� � ∇�ð Þσ� ¼ β zþD

�
þ þ z−D�

−
� �

∇� � σ�∇�ϕ�ð Þ þ 1
Pee

D�
σ∇

�2σ �

−αβzþz−D�
þD

�
−∇� � ρ�

e∇
�ϕ�� �þ αΓ

Pee
zþz−D�

þD
�
−∇�2ρ�

e ð10Þ

where Pee ≡ UeL
D0

is an electrohydrodynamic Péclet number, which
measures the relative effects of transport by (bulk) advection versus
diffusion; β≡F(ϕ0/L)(D0/RT)/Ue measures the relative importance of
electromigration over advection. Eqs. (9), (10), Gauss' law (4), and the
momentum conservation Eq. (2) are applicable to a very wide range
of EK and EHD flows. We note that the classic formulations of the
Ohmic model proposed by Taylor, Melcher, and Hoburg [11•,29] is a
particular case of our model where the contribution of diffusion is
neglected and where the electrolyte is strictly symmetric.

The typical boundary conditions for the flow field on solid surfaces
are no slip (vS = 0). For problems involving thin EDLs at solid walls,

a slip velocity conditions of the form vS ¼ − εζE
μ may be useful. The

zeta potential ζ is total potential across the diffuse portion of the
EDL. We can further decompose this in terms of a native zeta
potential (e.g., spontaneous surface reactions [13]) and an induced
potential (via interaction of applied fields and polarizable material
[20•,30]) ζnative + ζinduced. Typical EDL boundary conditions include
constant ζnative, fixed surface charge, and surface charge regulation
conditions [31–33]. In this work, we will that assume electric poten-
tials at metal surfaces such as electrodes are smaller than the
voltages generating Faraday reactions.

3. Native and induced electric double layers

EDLs form at the interface between two phases [13,34], generally
between a charged solid surface and electrolytes. The most common
mechanisms of surface charging are surface ionization (e.g., glass or
silica walls) or polarization (e.g., electrode surfaces) [13,34,35]. Ions in
solution near an interface experience a Coulomb force countered by
diffusion and rearrange to reach an equilibrium distribution, thereby
forming the EDL (Fig. 1). Ions immediately adjacent to the surface are
thought to “condense” and form the so-called Stern layer, while most
ions remain in solution and diffuse.

To characterize the potential in the diffuse portion of the EDL,
surface properties are typically defined at the shear plane (between
the outer portion of the Stern layer and ions in solution) where
the no-slip condition applies, vS = 0 [13]. The zeta potential is defined
as the potential drop between the shear surface and the bulk: ζ =
ϕS − ϕ∞ where ϕS is the potential at the shear plane and ϕ∞ is the
background potential (outside the EDL) [13]. The surface is impermeable

to species in solution so that ∂c�
∂z jS ¼ 0.

A key concept inmodeling both native and induced EDLs is that only
diffuse ions (i.e., ions in solution and not ions condensed on a surface)
are available to impart electric body forces into the bulk liquid [13].



Fig. 1. Schematic of the electrical double layer. The plus andminus signs (+/−) represent
the free charge density. On the far left, a negatively charged solid surface is in contact with
the fluid. Solvated positive ions adsorb on thewall (gray ions) to form the Stern layer. The
Stern layer is typically modeled as a capacitor of thickness δS. The shear plane sits at the
interface between the Stern layer and the fluid. Beyond the shear plane, diffuse charges
accumulate in a screening layer of thickness λD. For small wall potential ψw, the
thickness of the Stern layer is small so that the EDL is approximately λD.
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As an example analysis, we here consider a locally one-dimensional,
steady EDL at the surface(s) of a microchannel (including the surface
of an electrode embedded into the channel) with potential ζ, without
advection, and with α order unity. Eq. (9) becomes

d
dz�

σ� dϕ
�

dz�

� �
þ Γ
βPee

d2σ �

dz�2
þ αD�

ρ

βPee
d2ρ�

e

dz�2
¼ 0 ð11Þ

Here, theproductβPee= ζ/φth is orderα (c.f. Eq. (4) and correspond-
ing comments), so that the junction term is non-negligible. In the limits
where βPee is not order unity (i.e. ζ is much smaller or larger than the
thermal voltage), conductivity is approximately constant in the EDL
(equal to a background σb). The balance between diffusion and
electromigration reduces (in dimensional form) to

ρe

Dρε=σb
þ d2ρe

dz2
¼ 0 ð12Þ

which yields a Boltzmann-type distribution of free charges across
the EDL.

More generally, at equilibrium, the three-dimensional density of an
ion at any point along the cross-section of a channel can be expressed
with a Boltzmann distribution as follows [33,36]:

c� zð Þ ¼ c�;r exp −
ez�
kT

ϕ−ϕrð Þ
� 	

Here c±,r is a reference value of concentration evaluated at reference
potential ϕr.

The Boltzmann distribution can be combined with Eq. (3) to
yield the Poisson–Boltzmann Eq. (13). For non-overlapping one-
dimensional EDL in a binary electrolyte, Gauss' law yields:

−
ε
F
d2ϕ
dz2

¼ zþcþ;r exp −
ezþ
kT

ϕ−ϕrð Þ
� 	

þ z−c−;r exp −
ez−
kT

ϕ−ϕrð Þ
� 	

ð13Þ
A simplification of this non-linear equation is possible with the
Debye–Huckel approximation assuming ϕ small compared to the
thermal voltage, yielding

d2ϕ
dy2

¼ eF
εkT

z2þcþ;r þ z2−c−;r
� �

ϕ−ϕrð Þ ð14Þ

For non-overlapping EDLs (where we can define the local reference
potential outside the EDL as ϕr = 0) in a symmetric electrolyte, we can
integrate the Poisson–Boltzmann equation (from the shear planewhere
no slip is imposed to a distance far from the EDL) to derive a general
expression for EDL capacitance and ζ as a function of the wall charge
density σE = ∫0

∞ρedz [34]:

Cd ¼ dσE

dζ
¼ ε

λD
cosh −

zeζ
2kT

� �
ð15Þ

ζ ¼ 2kT
ze

sinh−1 σE

8εkTc∞ð Þ12

 !
ð16Þ

The expression for the EDL capacitance, also called the Grahame
equation, is useful when modeling the electrokinetic system with sim-
ple circuit elements (e.g., electrode charging causing induced EDLs).

The equilibrium assumption used to invoke a Boltzmann distribu-
tion may not apply throughout the flow. For example, this assumption
may be accurately valid between thewall and a local region just outside
the EDL (a few Debye lengths away). However, the potentials and con-
centrations in the bulk are in general dependent on complex initial and
boundary conditions away from equilibrium. Hence, EDL-type equilibri-
um relations can be thought of as a wall-to-local-region equilibrium, in
a field where the concentrations and potentials outside the EDL vary.
Mani et al. have used an instance of the latter to model concentration
polarization [37]. They used Boltzmann relations to balance charge
locally across EDLs but solved the entire flow field (without resorting
to Boltzmann in the bulk liquid) to determine bulk concentration and
potential fields.

Lastly, we briefly comment on the so-called Stern layer located
between the solid surface and the shear plane (c.f. Fig. 1). It is typically
viewed as a layer of hydrated ions which condenses directly on the
surface. The Stern layer is especially important at high induced charge
potentials, when its capacitive effect becomes non-negligible [38–40].
As induced potentials across the EDL increase, Kilic et al. suggest that
ions “condense” from the background solution and increase the thick-
ness of and potential drop across the Stern layer [38,39]. Its effect is
commonly modeled with a purely empirical Stern layer capacitance of
the form Cs≡ε/λS where λS is defined as an effective Stern layer thick-
ness. At low induced potentials (e.g., order ze/kT), λS is believed to be
on the order of a hydrated counter ion radius [24], which we might
characterize as a “native Stern layer.” At higher induced potentials, λS

is believed to be a function of applied wall-to-bulk potential difference
and increase with the condensation effect mentioned above. The total
wall-to-solution interface capacitance is therefore modeled as two
capacitors in series:

C−1
T ¼ ε

λD
cosh

zeζ
2kT

� �
 �−1

þ εS
λS


 �−1

ð17Þ

which can be used to characterize the total potential drop across the
EDL ΔϕT:

ΔϕT ¼ ζ þ ΔϕS ¼ σE;wall C−1
T þ C−1

S

� 	
¼ σEC

−1
T ð18Þ

Here, σE,wall is the surface charge density at thewall (separated from
the liquid by the Stern layer).σE,wall can be related to surface potential of
a metal, while σE is the charge density at the shear plane.
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For unsteady charging of an electrode surface, the accumulated
surface charge is often related to the normal component of electric
field as follows:

ΔϕT ¼ ζ−εS
∂ϕ
∂x

����
S

ð19Þ

Eqs. (18) and (19) are often used to describe boundary conditions
for ACEK and ICEO charging effects.

4. Charge dynamics: the contribution of diffusion

Within a homogenous conductor, as within an electrolyte solution,
free charges introduced in the bulk or at boundarieswill create transient
electric fields and currents that eventually transport the free charge to
its boundaries. However, within a heterogeneous conductor, applied
electric fields can segregate positive and negative ions to create charged
regions which can persist for long times (e.g., to a steady state condi-
tion) within regions of gradients of permittivity and/or conductivity.
The former charge “rejection” and the latter segregation occur over
finite times for electrolytes, and these timescales are important in de-
scribing start-up transients and frequency response. These timescales
are a function of the length scales of the device, the length scales of con-
ductivity and permittivity gradients, theDebye lengthλD, permittivity ε,
and conductivity σ of the electrolyte. Below we discuss two models for
transient behavior of such conductors, startingwith an overly simplistic
constant conductivity limit, and then amore useful scaling for problems
with imposed finite length scale.

Simplifying Eq. (9) in the limit of a uniform and steady conductivity
and permittivity medium, and neglecting both convective and diffusive
transport of charge yields:

∂ρe

∂t
þ σ

ε
ρe ≈ 0 ð20Þ

The solutions (for virtually any geometry) have the form ρe =
ρe,∞[1 − exp(−tσ/ε)], where ρe,∞ is some steady state charge density.
We see a characteristic relaxation time scale of the form ε/σ. For exam-
ple, for an aqueous sodium chloride concentration of 10 mM, this scale
is about 10 ns. This timescale has been proposed as characteristic of a
wide range of electrohydrodynamic (and electrokinetic) problems, as
pointed out by Melcher, Taylor, and others [11•,41,42]. We recommend
using this time scale when considering EK problems for which diffusive
and convective currents are negligible. This includes the charge relaxa-
tion associated with conductivity or permittivity gradients in the bulk
of liquid solutions, away from electric double layers. Thus, the timescale
ε/σ is relevant to charge relaxation in field amplified sample stacking
driven by conductivity gradients or to electrothermal flows where
Fig. 2.Dynamics of EDL charging. (left) After application of a voltage across the capacitor plates,
of the charging timescale τc, ions migrate toward their counter electrodes and start accumula
charged surfaces by electromigration. Bulk diffusion of ions opposes electromigration and in
completely screens the charges on the surface. The electric field in the bulk vanishes and the e
gradients in temperature generate gradients in viscosity and permittiv-
ity (see below).

As discussed in detail by Bazant et al. [43•] and shown by thework of
Morgan and Green [44], the simple ε/σ scale is not appropriate for
electrokinetic problems driven by voltage differences across electrodes
or by polarization across different points of a polarizable body. That is,
imposing a potential difference across a finite length (e.g., by electrodes
or polarization of a body) leads to accumulation of charge at interfaces
and electric double layers. Accumulation of charges near surfaces is al-
ways accompanied by significant diffusive currents and often results
in non-uniform conductivity. For example, for potentials between
electrodes or across polarizable bodies, charge accumulation at the
boundary between the electrolyte and the solid surface leads to high
concentration and potential gradients (c.f., Fig. 2). Consequently, both
the characteristic length scale and diffusion are key in determining ion
density. Following the seminal work of Debye and Falkenhagen [45],
Bazant et al. [43•] solved the unsteady Eq. (9) in the Debye Huckel
limit to show that for passivated electrodes (i.e., zero Faraday current),
the correct time scale, τc, is the geometric mean of the diffusive EDL
λD2/D time scale above and the macroscopic diffusion time scale L2/D:

τc ¼ εL
σλD

¼ λDL
D

ð21Þ

τc can also be interpreted as the charging time scale of an RC circuit
where the resistance (per unit area)R= L/σ is the background resistance
and the capacitance (per unit area) C= ε/λD is the EDL capacitance [46].

5. Applications of basic electrokinetic flow equations

We now discuss applications of the generalized Ohmic model given
by Eqs. (9) and (10). We summarize the resulting governing equations
in Table 1. Column 2 lists the corresponding Ohmic model equations
and column 3 the momentum conservation. In Table 2, we discuss the
corresponding boundary conditions for potential and momentum, and
in Table 3.

For Ohmicmodel type formulation outside EDL's, we often assumeα
is small and so the dimensional 0th order Eqs. (4), (9), and (10) using
electroneutrality (α ≪ 1 and z+c+ + z−c− ≈ 0) become

∇2ϕ ¼ 0 ð22Þ

∂ρe

∂t
¼ ∇ � σ∇ϕð Þ þ φthΓ∇

2σ ð23Þ

∂σ
∂t

þ v � ∇ð Þσ ¼ zþDþ þ z−D−

φth
∇ � σ∇ϕð Þ þ Dσ∇2σ ð24Þ
thefluid polarizes very rapidly generating an electric field. (middle) For times on the order
ting in a diffuse layer and a condensed layer (gray ions). The ions are driven toward the
creases charging time. (right) For times larger than the charging time τc, the diffuse EDL
lectric field is strong in the EDL.



Table 1
Governing equations for the modified Ohmic model. κ is the thermal conductivity of the solvent.

Ohmic model (outside EDL) Momentum conservation

Generalized Ohmic model ∇2ϕ = − ρe/ε
∂ρe
∂t þ ðv � ∇Þρe ¼ ∇ � ðσ∇ϕÞ þ φthΓ∇

2σ þ Dρ∇2ρe

∂σ
∂t þ ðv � ∇Þσ ¼ zþDþþz−D−

φth
∇ � ðσ∇ϕÞ þ Dσ∇2σ

−zþz−DþD−
φ2
th

∇ � ðρe∇ϕÞ−Γzþz−DþD−
φth

∇2ρe

ρ
∂v
∂t

¼ μ∇2v−∇p−ρe∇ϕ−
1
2
j∇ϕj2∇ε

Generalized Ohmic model - symmetric electrolyte
zþ ¼ −z− ¼ z
Dþ ¼ D− ¼ D

∇2ϕ = − ρe/ε
∂ρe
∂t þ ðv � ∇Þρe ¼ ∇ � ðσ∇ϕÞ þ zD∇2ρe

∂σ
∂t þ ðv � ∇Þσ ¼ z2D2

φ2
th
∇ � ðρe∇ϕÞ þ D∇2σ

ρ
∂v
∂t

¼ μ∇2v−∇p−ρe∇ϕ−
1
2
j∇ϕj2∇ε

EOF - thin EDL
(Non-uniform conductivity)

∇2ϕ = 0
∇ ⋅ (σ∇ϕ) = 0
∂σ
∂t þ ðv � ∇Þσ ¼ Dσ∇2σ

μ∇2v − ∇p = 0

ICEO and ACEK Bulk: ∇2ϕ = 0
EDL: ∇2ϕ = − ρe/ε

for t ≪ τc,
∂ρe
∂t þ ðv � ∇Þρe ¼ ∇ � ðσ∇ϕÞ þ φthΓ∇

2σ þ Dρ∇2ρe

for t ≫ τc, (v ⋅ ∇)ρe = ∇ ⋅ (σ∇ϕ) + φthΓ∇2σ + Dρ∇2ρe

Bulk: μ∇2v − ∇p = 0
EDL: μ∇2v + ρeE = 0

Electrothermal flow − κ∇2T = q‴ = σ |E|2 ⇒ σ(x, y, z), ε(x, y, z)
∂σ
∂t þ ðv � ∇Þσ ¼ Dσ∇2σ
∇. (ε∇ϕ) = − ρe

μ∇2v−∇p−ρe∇ϕ− 1
2 j∇ϕj2∇ε ¼ 0

Electrokinetic instabilities ∂σ
∂t þ ðv � ∇Þσ ¼ Dσ∇2σ
∇. (ε∇ϕ) = − ρe

μ∇2v − ∇p + ρeE = 0
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5.1. Electroosmotic flow

Electroosmotic flow (EOF) in micro- and nanochannels is a
ubiquitious technique used for a large number of on-chip EK functions
including sample injection for on-chip electrophoresis [47], high-pressure
pumping of liquids [48], and as counterflow in preconcentration
techniques [49]. EOF leverages the diffuse portion of the EDL ions to in-
duce bulk flowof a liquid. Electric forces acting on the free charges induce
viscous forces within the EDL to generate flow (Fig. 3).

We make the following simplifications to the Ohmic model: 1. elec-
troneutrality (α ≪ 1); 2. thin EDL's; 3. electromigration dominates
over diffusion (βPee ≫ 1); 4. axial flow within a long and thin channel.
The resulting equations are shown in the third row of Table 1. In
the presence of axial conductivity gradients, the convective diffusion
equation governs the conductivity field. The conservation of current
Table 2
Summary of typical boundary conditions for potential and velocity fields. t and n are re-
spectively tangential and normal boundary unit vectors. Subscript s stands for surface.

Potential Momentum

EOF
Thin EDL

ϕs = ζ
(ζ may depend on local
conductivity)

Slip* vs ¼ −εEextζ
μ

ICEO t b b τc: ϕcond, s = ϕo;
(∇ϕcond)∞ = -E∞

t N τc: (n ⋅∇ϕins)s = 0 ;
(∇ϕins)∞ = -E∞

ζinduced = ϕcond, s - ϕins, s;
ζ = ζnative + ζinduced

Slip⁎: vs ¼ −εζEs �t
μ t

v∞ = 0

ICEO
exact

t ⋅ ∇ϕ = 0 (conductive structure)
ϕout,s = ϕin,s

(∇ϕ)∞ = -E∞ = E0

vs = 0; v∞ = 0

Electrothermal flow ϕE = ± ϕ0 cos(ωt) No slip vs = 0
Electrokinetic instabilities ϕs = ζ Slip vs ¼ −εEext ζ

μ

⁎ If resolving the EDL in the computational domain, assume vs= 0 (e.g., see ICEO exact).
∇ ⋅ (σ∇ϕ) = 0 yields the free charge density:

ρe ¼ −ε
∇σ
σ

� ∇ϕ ð25Þ

which can induce Coulomb forces outside the EDL. The electric Rayleigh
number Rae≡εE2H2Δσ/σD0μ measures the relative effect of Coulomb
force to viscous forces. For low Rae, the flow remains stable (see below).

For thin EDLs where H N N λD (e.g., for order of 10 μm or larger
channels), we can apply the Helmoholtz–Smoluchowski slip flow
approximation. Ions drag fluid in a very thin region at the vicinity of
the channel walls, generating an apparent slip:

vEOF y; zð Þ ¼ −
εEextζ

μ
ð26Þ

The velocity component associated with EOF is uniform along the
channel cross-section for uniform zeta potential. Slip over surfaces
with non-uniform zeta potential induce pressure gradients which
Table 3
Typical scaling for governing equations.

EOF Thin EDL λD

L
bb1, α b b 1, Ue ¼ UEOF ¼ εEextζ

μ
ACEK λD

H
bb1, α b b 1, Ue ¼ UEOF;i ¼

εϕ2
0

μL
,

ICEO λD

L
bb1, α b b 1, Ue ¼ εE2exta

μ
Electrothermal flow λD

L
bb1, α b b 1, Peth b b 1,

Ue ¼ Uev;T ≡
f EL

2

μ
≈

εσϕ4
0

μκL
Electrokinetic instabilities λD

H
bb1, α b 1, Ue ¼ Uev ≡

εE2oH
μ

,

Strong electrolyte asymmetry
(large junction potential)

Γ
Pee

∼β ⇔
ðDþ−D−Þ

D0

�
kT
e

�
∼ϕ0



Fig. 3. Electroosmotic flow profiles in negatively charged channels. The Stern layer is not
shown. (top) In the thick EDL case (λD ∼ H), the transverse EDL potential is nonuniform.
Upon application of a (streamwise) electric field. The free charges generate a nonuniform
flow profile. (bottom) In the thin EDL case (λD ≫ H), there is no free charges in the bulk
and positive charges drag the fluid in the EDL only. The flow is uniform and the slip
velocity follows Helmoltz–Smoluchowski's law.
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can overcome electric body forces, thus generating a flow that is the
superposition of a laminar pressure-driven bulk profile with a uniform
component [15,50]. For larger Rae, the flow can become unstable
(see electrokinetic instabilities section below). Fig. 4 shows an example
of field amplified sample stacking flow where a diffuse ionic strength
gradient induces a non-uniform slip velocity [15].

5.2. AC electrokinetics

Alternating current (AC) electrokinetics refers to the flow gener-
ated by time-varying potentials applied to electrodes, for example,
Fig. 4. Simulation of EOFwith axial conductivity gradients in the case of thin EDLs [15]. The
zeta potential depends on local conductivity. Here Bharadwaj et al. used an empirical
power law for zeta potential ζ ∝ σ−0.2. (a) Conductivity profile, ratio of local σ and
upstream conductivity σS. This profile corresponds to a diffuse conductivity step.
(b) Velocity field in the frame of reference of the laboratory. Nonuniform EOF generates
pressure gradients. The pressure-driven flow is favorable in the region of large
conductivity (small ζ) and adverse in the region of low conductivity. (b) Velocity field in
the frame of reference moving with the interface. These internally generated pressure
gradients induce additional dispersion of sample in separation techniques leveraging
nonhomogeneous separation buffers.
embedded within microfluidic devices [44]. AC electric fields period-
ically disrupt the EDLs by reversing the sign of the surface charge.
Given the right choice of frequency, an AC field can create strong
electroosmotic flow. Several microfluidic devices with integrated
electrodes arrays leverage AC electroosmosis as a pumping [51] or
mixing method [52].

ACEK leverages the charge of partially shielded electrode surfaces to
simultaneously generate transient EDLs and an electric field tangential
to the EDL, thereby inducing fluid motion by a mechanism similar to
the one generating EOF. To model this type of flows, we make the fol-
lowing simplifications to Eqs. (9) and (10): 1. bulk electroneutrality
(α ≪ 1); 2. thin EDL; and 3. uniform conductivity and permittivity out-
side the EDL. Under these assumptions, Eq. (23) reduces to Laplace's
equation for the potential outside the EDL. Eq. (9) plays a key role in
the EDL charging dynamics, and its resolution allows for optimization
of the applied potential frequency [43•]. As mentioned earlier, although
α ≪ 1, the derivative of charge density in Eq. (9) can result in finite
values of αL/(Ueτf) thus inducing forcing.

Fig. 5 shows that, during the EDL charging (in a DC field), the
external tangential electric field generates bulk flow (Fig. 5a and
b). For t N τc, EDLs eventually screen the background electric field.
This then leaves only the normal component of the electric field
within the EDL. This long-time EDL field creates a current balanced
by a diffusive current and an electric force balanced by a liquid pres-
sure gradient (so there is no flow at long times and low frequency;
c.f. Fig. 5c). The physics of ACEK flow can be characterized as follows.
For low frequencies (i.e., f ≪ 1/τc), EDLs relatively quickly screen the
electrode potential so that the background field is zero and no tan-
gential field is available to drive free charges. For high frequencies
(i.e. f ≫ 1/τc), the free charge density in the EDL is not large enough
to generate a significant flow. Also at high frequency, there is negli-
gible tangential component of electric field near the surface. The liq-
uid flow has an optimum frequency response near the inverse EDL
charging time (i.e. f ∼ 1/τc).

Ramos et al. presented a useful and heuristic solution of the ACEK
equations shown in Table 1 [52]. They assume a 1D equivalent electric
circuit, where electric field lines in the bulk are approximated as
semi-circular in shape. EDL and Stern layers are then modeled as a
single capacitance ΔC = εdΔx/λD and the background as a resistance
ΔR = πx/σdΔx. Under these assumptions, Ramos et al. derived a
closed-form solution for the time average electroosmotic slip velocity
at a distance x from the center of the electrodes vACEO(x) = − εϕ0

2Ω2/
[8μx(1 + Ω2)2]. Here ϕ0 is the magnitude of the applied potential and
Ω = fπεx/(2σλD) is a reduced frequency. The relation demonstrated
that a maximum flow is achieved for applied frequencies on the order
of σλD

εL , the charging timescale we discussed above. This shows that
ACEK is most effective when the time scale of the characteristic forcing
function is on the order of τc.

We present the typical scaling of ACEK flows in Table 3. Here the
scale for the flow velocity is the electroosmotic slip velocity, εϕ0

2/μL.
The maximum induced zeta (neglecting Stern layer effects) can be
approximated as the potential drop between electrodes [52]. However,
for potentials above thermal voltage, the induced zeta potential is likely
much less due to the shielding effects of thick Stern layers [38]. For
example, this is likely why observed slip velocities in ACEK are often a
factor or 2 smaller than predictions neglecting Stern layer effects [53].
Independently of this assumption, the electroosmotic velocity scales
with the square of the applied field. Fig. 5d shows a typical flow field
prediction and visualization of AC electrokinetics (ACEK) driven by
a co-planar electrode pair obtained by N.G. Green, H. Morgan, and
co-workers [44].

We have here described the very useful heuristic solution for AC
electrokinetics presented originally by Morgan and Green [44]. We rec-
ommend more complete formulations of AC electrokinetic flows as
boundary value problems of potential and velocity follow formulations
similar to ICEO given in Section 5.3 and Tables 1 and 2.



Fig. 5. EDL charging of coplanar electrodes illustrating ACEK dynamics. (a) After application of a voltage on the capacitor plates, the fluid polarizes very rapidly generating an electric field.
The electric field is stronger in the regions closer from the center of the electrodes. (b) For times on the order of τc, ionsmigrate toward their counter electrodes and start accumulating in a
diffuse layer. Ionsmigrate faster in the regions of high electric field so that EDLs first build up in the central region and expand outwards. The top right inset shows free charges in the EDL
experiencing a tangential electric field. They migrate in the outward direction and drag fluid, generating an electroosmotic slip velocity. (c) For times larger than the charging time τc, the
diffuse EDL completely screens the charges on the surface. The electricfield in the bulk vanishes, the electricfield in the EDL is normal to the electrodes and therefore the EDL doesnot drive
flow anymore. In (b), the conditions are optimum to drive a strongflow. The voltage is synchronizedwith the charging dynamics so that EDL and electric field permanently couple to drive
flow. (d) Experimental demonstration of ACEK, where fluorescent spheres allow flow visualization. The potential applied at the electrodes is 5 V peak-to-peak at 100 Hz frequency [44].

Fig. 6. (a) Simulation of ICEO flow in the case of thin EDL. Left, short-time solution, t≪ τc.
The particle polarizes rapidly. Charges start migrating from the bulk to the surface of the
particle. The electric field streamlines penetrate the particle. Right, steady state solution
where ions completely shield the polarizable particle, t ≫ τc. The particle associated
with its EDL now behaves like an electrical insulator: electric field streamlines go
around the particle. (b) Corresponding velocity field streamlines. The electric field drives
diffuse free charges along the particle surface to create the Coulomb force that generates
flow in the same manner as ACEK. We performed this simulation on a 200 μm radius
particle between two 5 mm apart parallel plates. The potential drop is 10 V. The ratio of
particle to fluid dielectric constants is 25 and the ionic strength is set to 1 μM far away
from the particle (λD ≈ 300 nm). (c) Simulation of steady state ICEO free charge density
and electric field streamlines in the case of a finite thickness EDL. Positive (white) and
negative (black) diffuse charge layers build up on each side of the metal particle, with
thickness on the same order as the particle dimensions. Here field lines clearly penetrate
the EDL with a non-zero tangential component. The field lines are curved within the
EDL and land perpendicularly to the particle surface. We performed simulations on a
200 nm radius particle using the same conditions as above. The flow field is qualitatively
similar to the thin EDL case.
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5.3. Induced charge electroosmosis

Induced charge electroosmosis (ICEO) is a term applied to bulk flow
caused by DC or AC electric fields applied to a polarizable body in an
electrolyte. In the same manner as ACEK, ICEO leverages tangential
electric fields in the EDL to generate flow. The flow is characterized
as “induced charge” because the applied field both generates EDL
and the tangential component driving free charge [20•]. Typically, in
our experience, the term ACEK is applied to flows driven by active
electrodes (i.e., whose voltage is controlled by external means), while
ICEO is perhaps more generally applied to flows which contain at least
one polarizable solid (whose potential may or may not be controlled
externally). Several microfluidic devices with integrated electrodes
arrays leverage ICEO as a mixing method [54,55] or pumping method
[56]. ICEO has also been shown to be a driver of interactions between
colloidal dispersions to induce their collective motion [57,58].

We show simulations of typical electric and flow fields exemplifying
ICEO in Fig. 6, where a polarizablemetal cylinder is immersed in an elec-
trolyte. The cylinder polarizes upon application of an electric field thus
generating a non-uniform surface wall charge σE,wall. This surface wall
charge is then shielded by ions from the background electrolyte, thus
forming induced EDLs. Condensation into a Stern layer further shields
surface charges. Tangential electric field components remain in the
diffuse portion of the EDL and this drives free charges and flow (the
electric field at the slip surface immediately outside the EDL is then
tangential to the surface). We here consider a steady electric field and
the electrokinetic flow for times larger than the EDL charging time.

Wemake the following simplification to Eqs. (9) and (10): 1. α≪ 1;
2. thin EDLs (λD ≪ a, where a is the radius of the cylinder); and 3.
uniform conductivity and permittivity. The resulting equation set is
summarized in the 5th row of Table 1 for both short and long times.
The potential at the slip surface is the sum of the particle native zeta
potential and the induced potential. For times t N τc, we can derive a
simple solution. We first solve for the potential distribution for the
(instantaneous) initial electric field. This is formulated with a simple
Laplace problem for potential and the typical boundary condition for a
metal surface, t ⋅ ∇ϕcond = 0. A typical approach is then to approximate
the electric field outside of the EDLwith a solution of the same equation
and geometry (thin EDL) but with an insulating boundary condition,
n ⋅ ∇ϕins = 0. The two field solutions ϕcond and ϕins are then subtracted
to estimate the induced zeta potential ζinduced. As shown in the 3rd col-
umn of Table 2, this is then used in a slip velocity boundary condition.

As mentioned above, for times large relative to τc (and neglecting
current within the EDL), the electric field outside the EDL is very similar
to that of electric current around a perfect insulator (with no EDL).
Within the EDL, the electric field has strong curvature (due to ρe) and
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ultimately contacts metal surfaces at right angles. The full electric field
solution, particularly for thick EDLs, is a bit more complex than the
simpleϕcond versusϕins approached described above. Instead, a full solu-
tion requires solution of the full Poisson–Boltzmann equation with the
boundary conditions shown in 3rd row, 2nd column of Table 2. For a
metal body, we model a fixed uniform potential on the metal surface
and the parallel electric field far from the body. To illustrate the effect
capturing the EDL, we used a commercial CFD package to simulate
the ICEO for the case of the EDL thickness on the same order as the po-
larizable particle dimension, a. The simulation assumes steady state
transport of both fluids and ions. As shown in Fig. 6, electric field
streamlines enter the EDL with a non-zero tangential component. The
tangential component of the electric field inside the EDL generates the
electric body force. A similar steady-state ICEO models for finite (and
large) EDLs were used by Rose et al. around finite rods [58].

Wepresent the typical scaling of ICEOflows in Table 3. Here the scale
for the flow velocity is again the electroosmotic slip velocity εEext2 a/μ.
The maximum induced zeta can be approximated as the equivalent
potential drop across the particle, which is roughly the product of the
applied electric field with the particle diameter, 2a [20•]. In a manner
similar to the ACEK problem, the induced electroosmotic velocity scales
with the square of the applied field. This scaling is typical for flows
driven by induced charge where the coupling between induced EDL
and tangential electric field component generated flow.

The now “classic” formulations for ACEK and ICEO presented above
have benefitted from some encouraging validations [20•,54,57]. First,
in each case, the theory predicts that fluid velocity should scale as elec-
tric field squared, which is borne out in experiments [40]. This agree-
ment strongly supports the concept that, in essence, the first product
of electricfield accounts for themagnitude of free charge induced by po-
larization of a body by the electric field component normal to the body's
surface,while the secondproduct accounts for thefieldwhichdrives the
tangential component. Secondly, the experiments show that the fluid
velocities driven by ACEK and ICEO phenomena clearly have a reso-
nance at a frequency which scales as the inverse of the relaxation time
scale σλD/εL, where L is the distance between electrodes and/or the
characteristic length of the body (in the direction of the applied field).
This is strong evidence in favor the diffusive-transport-limited charge
relaxation dynamics of these systems [43•,44].

Several challenges remain with the aforementioned ACEK and ICEO
formulations. Most importantly is the fact that the value of maximum
velocity predicted by ACEK and ICEO theory clearly overpredicts those
observed in experiments, often by an order of magnitude or greater.
This latter issue is addressed eloquently by Bazant et al. [59], who
present a comparison of predicted versus measured flow velocities
across at least 14 ICEO and ACEK studies. Bazant et al. argue that finite
ions effects and modified viscosity in the EDL may explain this discrep-
ancy. As we summarized above, condensed ions in an EDL act as a ca-
pacitor in series, lowering the voltage drop of the diffuse ion layer.
Furthermore, fluid viscosity near the wall may be much larger than
the bulk [60]. Interestingly, most ACEK and ICEO type theory have
neglected the effects of the high conductivity EDL on the electric and
concentration fields outside of the EDL. The contribution of EDL into car-
rying current can be estimated with the Duhkin number Du≡σs/aσb,
where σs is the surface (or EDL) conductivity, σb the background con-
ductivity, and a a characteristic length scale (most commonly the parti-
cle size). The work of Schnitzer and Yariv [61] for DC ICEO suggests that
surface conduction can be typically interpreted as a negative feedback
in the sense that it produces concentration polarization (CP) (“salt
polarization”) and an associated reduction of induced EDL potentials.
Davidson and Mani [62] recently used unsteady ICEO models in which
the inequity of electromigration current carried by negative versus
positive charges within the EDL indeed leads to concentration polariza-
tions (CP) outside the normally defined EDLs (for ICEO flow around
a cylinder). They further showed that this effect creates conductivity
gradients in regions outside the EDL which couple with electric fields
to create electric body forces. These body forces can lead to (unsteady)
flow instabilities and chaotic flowswhich act to strongly reduce observ-
able far-field velocities. CP therefore leads to a reduction in potential
difference across the body and reduction in induced potentials, both of
which decrease induced fluid velocities. Such effects may explain the
difference between observed and predicted velocities.

5.4. Electrothermal flows

In electrokinetic experiments, large electric fields can generate
substantial heat dissipation in the fluid. Heat generates temperature
gradients that create local variations in conductivity and permittivity.
Conductivity and permittivity gradients induce a free charge density
that generates the electrothermal body force driving fluid flow. This is
usually observed as a secondary flow when performing ACEK experi-
ments at high frequencies (N100 kHz) [30,44,63].

In electrothermal flows, Eqs. (9) and (10) are typically usedwith the
following assumptions: 1.α≪ 1; 2. negligible heat convection (i.e. small
thermal Péclet Peth≡UeL/κ, κ is the thermal diffusivity). The steady
electric field is obtained from a solution to the energy equation, as
indicated in the 5th row of Table 1. The energy dissipated by the elec-
tric field, generates a power density σ|E|2. This term is included as a
source in the equation for the conservation of energy. A relationship
between conductivity and permittivity with temperature closes the
problem. One approach is to assume an experimental value for the pa-
rameters 1

σ
∂σ
∂T and 1

ε
∂ε
∂T [30]. Often, no slip is assumed at the interface

as the range of frequency of interest is too high to generate ICEO
type flow.

The temperature rise is larger in the center of the electrodes, where
electric field (Joule heating) is the most intense. The conductivity and
permittivity gradients generate a flow from bulk toward the center of
the electrodes, in opposite direction of the typical ACEK flow. The
temperature gradients created by Joule heating scale as the square of
electric field. To create a free charge density, thermal gradients couple
with electric field so that the coulomb force, and by extension velocity,
scale as the 4th power of field. The velocity scale is electroviscous type
with temperature dependence (c.f. Table 3). Electrothermal flows can
arise at potential frequencies much larger than ACEK. For example,
because electrothermal flows arise from background charge dynamics
(and not necessarily by gradients imposed by boundaries or stream-
to-stream interfaces), the characteristic time scale is taken to be ε/σ
(i.e., independent of EDL charging dynamics). However, the coupling
between the energy equation and conductivity and permittivity makes
the thermal diffusivity time scale relevant [63]. Last, we note that elec-
trothermal flows can be generated with an external source of heat [44].

5.5. Electrokinetic and electrohydrodynamic instabilities

In electrokinetic (EK) and electrohydrodynamic (EHD) instabilities,
electric body forces in regions where electric fields couple with (and
are locally parallel to) conductivity gradients drive flow [29]. In an
applied electric field, a conductivity gradient induces a free charge
density ρe=− ε∇σ ⋅ ∇ϕ/σ, as described above. This free charge density,
coupled with the electric field, generates large body forces that can
destabilize flow. Electrokinetic instabilities have been demonstrated
and studied in a variety of flows with imposed conductivity gradients,
see for example [16•,17,28,64–66]. The effect has also been harnessed
for fast microfluidic mixing [67].

We make the following simplification to Eqs. (9) and (10): 1. α≪ 1,
and 2. Thin EDLs. Typically, in the case of EHD instabilities, there is no
slip on the boundaries, while for EK instabilities, we consider electroos-
motic slip. EHD and EK instabilities have fundamentally similar physics
with the following two main differences: first, unlike classical EHD,
in EK instabilities, the diffusion of conductivity is always important
as a stabilizing effect. This means that diffusive currents need to be
accounted for. This leads to a threshold electric field parameter in the
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form of an electric Rayleigh number Rae (see below). Rae above a critical
value leads to instability). Second, in EK instabilities, the electroosmotic
slip condition plays an important role in convection of conductivity gra-
dients. Hence, slip-driven convection governs observable transport of
scalars, the propagation of disturbances upstream, and the transition
between convective and absolute instability [16•,17]

In an EK-type instability, the applied electric field is often perpen-
dicular to a spanwise conductivity gradient in a channel. A small per-
turbation of the conductivity interface distorts the electric field,
which generates large electric body forces and associated secondary
flows (Fig. 7a). These secondary flows are “damped” by the effects of
diffusivity (lowering local ∇σ) and viscosity (dissipating momentum;
transporting vorticity to and out of the boundaries). For sufficiently
high electric fields, destabilization by the electric body force dominates
diffusive effects, leading to instability. Fig. 7b shows a comparison be-
tween experimental visualizations and simulations of EK instabilities
[68].

A useful scaling for EK instabilities takes into account the various
relevant length scales [28]. We can scale the charge density relation as
(Δσ/σ)εEo/δ. Here, δ is the characteristic length scale along gradients
of E, and hence the conductivity gradients.Δσ is the difference between
maximum of minimum conductivity along length scale δ, and σ can be
taken as the maximum conductivity. For significant differences in
conductivity, Δσ/σ is order unity. We then scale the ratio of electric
body force and viscous stress in Eq. (2), yielding an electroviscous
scale of the form Uev = εEo2H2/(μδ). H is the characteristic length scale
associated with viscous stresses (typically the distance to the nearest
solid boundary). The interplay between the advection caused by Uev

and molecular diffusion of conductivity (c.f. second term on the right-
hand side of Eq. (9) can be characterized by the non-dimensional ratio
Uevδ/D. Substituting for the velocity scale, we obtain the electric
Rayleigh number of the form Rae= εEo2H2/(μD).We term this a Rayleigh
and not a Péclet number, as the velocity scale is internal, and itself
depends on a balance between viscous forces and a body force. Rae
is thus a ratio of electroviscous advection to diffusion of conductivity.
It characterizes the relative importance of destabilizing electric forces
and the stabilizing effects of molecular diffusion and diffusion of
momentum [17].

We hypothesize that the aforementioned Rae scaling (including
judicious choices of possibly separate length scales for viscous stress
and conductivity gradients) may be useful in studies of the threshold
of instability for a wider range of flows than just conductivity gradients
established by differences in ionic strength. For example, Oddy et al. [67]
demonstrated electrokinetic instabilities in the flow of an initially
uniform buffer concentration (no ionic strength gradients). They used
Fig. 7. (a) Mechanism of EK/EHD instabilities. Free charges build up at the diffuse interface be
charges depends on the streamwise direction of the conductivity gradient. Opposite charge
electrokinetic flow instability. Experimental data show instability mixing of 50 μS.cm−1 (
500 V.cm−1 electric field is applied in the (horizontal) streamwise direction perpendicula
amplitude waves quickly grow and lead to rapid stirring of the initially distinct buffer stream
computations. The numerical model well reproduces features of the instability observed in exp
physics and experiment are given by Lin et al. [16•].
dye and particle trajectory visualizations to show that a low-frequency
potential (5 Hz) can generate three-dimensional electrokinetic flow in-
stabilities. To date, our best explanation for these experiments is that
Joule heating caused temperature gradients, leading to conductivity
gradients. In another example, we showed that an Rae type scaling
may help explain instabilities observed in the ion concentration shock
waves inherent to isotachophoresis, where the length scale δ associated
with the electric field gradient scales inversely with electric field [66].

However, such Rae type scaling may fail to capture the onset of
instabilities observed in concentration polarization. The importance of
electromigration in setting up depletion zones near the ion selective
interfaces requires using the complete Ohmic model for either asym-
metric [69] or symmetric electrolytes [62,70,71] as represented in the
second row of Table 1

5.6. Electrolyte asymmetry

As discussed above, differences in diffusion coefficients between the
anionic and cationic species result in internally generated electric fields,
when the difference in diffusive flux between cations and anions gen-
erate a potential on the order of the applied voltage. In Eq. (9), the
contribution of electrolyte asymmetry in conductivity gradients be-
comes significant when the factor Γ/Pee is order β, i.e.when the applied
potential is sufficiently small to yield ΔD/D0(kT/eϕ0) ∼ 1 (c.f. Table 3).
We note that the effects of junction potentials are generally neglected
in electrokinetic problems as most models leverage the symmetric
electrolyte assumption. However, we could reasonably hypothesize
that, given anions and cations are never chemically identical, the effects
of junction potential are more common than expected in microfluidic
applications involving chemical and biological analysis—but yet only
rarely discussed.

For example, most useful microchip (electrokinetic or not) applica-
tions involve electrolytes of pH buffer solutions to maintain a robust
and constant pH environment [72,73]. Many buffers are composed
of a relatively high molecular weight weak electrolyte (e.g. Tris base)
titrated with a low-molecular-weight strong electrolyte (e.g. chloride
ions). For an electrolyte system as common as sodium chloride, the
difference in diffusion coefficient between cation and anion ΔD is on
the order of D0 [74]. Thus, in conditions where the local potential is
on the order of the thermal voltage kT/e, junction potentials may not
be negligible. The assumption of symmetry here pertains only if the
generated potential is large enough to compensate the difference in
diffusivities.

Thus, junction potentials can result in, for example, unexpected fo-
cusing of colloidal particles at the interface between streams leading
tween low-conductivity (σL) and high-conductivity (σH) fluids. The sign of the interfacial
s attract and squeeze the interstitial fluid, generating instability. (b) Time evolution of
red) and 5 μS.cm−1 (blue) conductivity electrolyte streams. At time t = 0 s, a static
r to the initial conductivity gradients. Channel depth (into the page) is 100 μm. Small
s. Below, we show reproduction of dynamics from simplified, 3D nonlinear numerical
eriments, including wave number and time scale. Details of this electrokinetic instability
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to local maxima in concentration profiles [75]; asymmetric solute con-
centration profiles in a symmetric microfluidic flow at a junction [76];
and focusing of colloidal particles driven by asymmetric diffusivities in
the electrolyte mixture [76]. Basically, a microfluidic experimentalist
should be wary of junction potential effects any time two flow streams
meet at an intersection.

6. Conclusion

We presented an extension of the Ohmicmodel derived byMelcher,
where we account for the diffusive transport of charges and for asym-
metric binary electrolytes. We derived a general set of equations appli-
cable to a wide range of microfluidic electrokinetic systems. We first
applied the model to discuss the electroneutrality assumption. We
showed that,within EDL's, the free charge density isfinite,while outside
EDL's, electroneutrality typically applies. From conservation of mass,
charge, and momentum equations, we derived a general Ohmic model
for binary electrolytes in terms of conductivity and free charge density.
This model displays the coupled physics of typical electrokinetic
microflows, i.e. between advection, diffusion, and electromigration,
the relative magnitudes of which are measured by the parameters
β≡Fν0E0/Ue and Pee≡UeL/D0. The characteristic bulk liquid velocity Ue

can be determined primarily by the effect of electric body forces outside
of EDLs as with electrothermal flows or electrokinetic instabilities, by
surface charge-layer-driven effects as in EOF, ICEO, and ACEK, or by
combinations thereof. Accordingly, we considered applications of the
Ohmic model to two types of microflows: flows driven by electric
body forces outside the EDL and flows driven by body forces confined
within native or induced EDL.

EDLs are formed by both spontaneous surface reactions and induced
charge at interfaces. Slip velocities generated by the former tend to
scales as E. The velocities generated by the latter tend to scale as E2.
For charge accumulation at boundaries, the correct time scale takes
into account diffusive currents and changes to EDL conductivity. Only
diffuse charges in EDLs are available to inducemotion. For large induced
potentials, much of the shielding charge may be condensed in a native
Stern layer or some steric-limited charge layer.

Charge forms outside EDLs when external electric fields interact
with gradients of conductivity and permittivity in the background of
the electrolyte. The general description of charging time of these is
still under study, but it is clearly much faster than the typical time
scales associated with the development of the velocity field. In electro-
thermal flows, temperature gradients create gradients in both conduc-
tivity and permittivity. Coupling of these gradients with external fields
causes flow driven by both free and bound (dipole) charges. In typical
electrothermal flows, a low thermal Péclet number Peth = UeL/κ
assumption leads to a steady, known conductivity field, σ(x, y, z)
governed by heat transfer. Flow calculations are then uncoupled and
proceed from the expression of the induced free charge density. In
electrokinetic instability flows, heterogeneities in electrolyte concen-
tration cause gradients in conductivity. Coupling with external fields
yields flows driven by electric body forces. Unlike electrothermal
flow, mass transport Péclet numbers associated with electric-field
driven flows, Pee = UeL/D0, are relatively large and so conductivity
field is coupled to flow. When the mass transport Péclet number is
scaled using an (internal) electroviscous velocity scale, we can term
the non-dimensional parameter an electric Rayleigh number of the
form Rae≡εE2H2Δσ/(σD0μ). Sufficiently high Rae is associated with
highly destabilizing electric body forces dominating over the stabilizing
effects of viscosity and mass diffusivity, which can lead to flow instabil-
ities and chaos [17].
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